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ABSTRACT 
 
 
The latest, global density model of topographical masses (UNB_TopoDens model) was used to
determine complete Bouguer anomalies and the differences between geoid undulations and height
anomalies in an area of the Western Carpathians, within the Polish-Slovak-Czech border region.
The ranges of the calculated values are between approximately -74 and +23 mGal for Bouguer
anomalies and -10 and +5 cm for differences between geoid and quasigeoid heights. Calculations
were also performed for constant densities of topographical masses (2200, 2500 and 2670 kg/m3).
The results show significant differences due to the various densities adopted for the calculations.
For example, differences between the version using densities from the UNB_TopoDens model and
the version using a constant density of 2670 kg/m3  ranged between -3.4 mGal and +37.5 mGal,
for Bouguer anomalies, and between -0.5 cm and +7.4 cm for differences between geoid
undulation and height anomalies. It has also been shown that, for high mountain areas, differences
between geoid and quasigeoid height should be determined on the basis of exact formula (not on
the basis of Bouguer anomalies). 
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2. THEORETICAL FOUNDATIONS OF THE 
ANALYSES 
The basic relationships between normal (𝐻ே), 
orthometric (𝐻௢) and ellipsoidal (ℎ) heights as well as 
relationship between geoid undulation (𝑁) and height 
anomaly (𝜁), can be shown as in Figure 1: 
 
ℎ = 𝐻௢ + 𝑁 = ஼௚ത + 𝑁               (1)
 
ℎ = 𝐻ே + 𝜁 = ஼ఊഥ + 𝜁               (2)
 
where C is the geopotential number, ?̅? is the average 
gravity between the geoid and point P (3), and ?̅? is the 
average normal gravity between the ellipsoid and 
telluroid (4). 
 
?̅? = ଵு೚ ׬ 𝑔𝑑𝐻௢
ு೚
଴                 (3)
 
?̅? = ଵுಿ ׬ 𝛾𝑑𝐻ே
ுಿ
଴                (4)
 
Determination of ?̅? based on equation (3) is 
impossible due to the lack of data. In practice, this 
value is often calculated on the basis of Poincaré and 
Prey reduction (Hofmann-Wellenhof and Moritz, 
2005) which is supplemented here by the influence of 
the atmosphere. According to this procedure, the 
influence of topography (topographic reduction -
1. INTRODUCTION 
Orthometric and normal height systems are the
basis for defining national height reference systems.
The main problem associated with the use of classic
orthometric heights, using the geoid as the reference
surface, is associated with insufficient knowledge of
the topographic mass density distribution (Heiskanen
and Moritz, 1967; Torge, 2001; Sjöberg, 2018). As 
Foroughi et al. (2017) showed, accurate, local and
regional models of topographic mass density can allow
the geoid model to be determined to the same level of
accuracy as the quasigeoid model. Thus, it is possible
to determine orthometric heights with the same
accuracy as normal heights. Such models were already
used in geoid modelling (e.g. Martinec and Vaníček,
1994; Huang et al., 2001) however, this was not
common practice due to the lack of relevant data on a
global scale. A new global topographic mass density
model is now available (UNB_TopoDens, Sheng et al.,
2019), which prompts us to re-examine the differences
between these two basic height systems. 
The main purpose of this study is to use the
aforementioned topographic mass density model to
conduct analyses regarding the differences between
geoid undulations and height anomalies (which are also
differences between normal and orthometric heights)
for a selected area.  
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Fig. 1 Basic relationship between orthometric and normal heights. Further explanation can be found in the text.
gravitational constant, Ω is integration volume 
(topographical mass) and 𝑑𝑉ఆ is the volume element. 
Topographic reduction is often presented in the form 
of the sum of the Bouguer plate and terrain correction. 
However, due to taking into account the curvature of 
the Earth and the use of variable topography densities, 
we use equation (9) in our calculations. The terrain 
correction (also terrain reduction) is usually calculated 
on the basis of DEM with very high resolution near the 
gravity point, which decreases with distance. It is also 
worth noting that terrain correction is usually 
calculated to a distance of about 167 km (Hinze et al., 
2005), only introducing corrections for further zones 
in more precise and large-scale geophysical studies 
(Mikuška et al., 2006). 
When further zones are not included, 
calculations can be performed in the local Cartesian 
coordinate system, taking into account the sphericity 
of the Earth. The Z-axis of the coordinate system is 
directed towards the geodetic zenith at the origin point 
(in the middle of the study area). The X and Y axes lie 
on the plane of the horizon of that point and are 
directed toward the north and east, respectively. The 
definition of the coordinate system enables the 
determination of the 𝛺 volume in the form of 
rectangular prisms for which the solutions of 
Newton’s integral (9) is presented by Nagy (1966) and 
Nagy et al. (2000). In practice, calculations are carried 
out using DEM in the form of the coordinates x, y, 
z=H, wherein the current DEM block is moved down 
by the value of Δ𝑧 = −(𝑅 − √𝑅ଶ − 𝑑ଶ), where R is 
accepted as being the Earth’s radius (in the 
calculations we adopted 𝑅 = 6371 km) and d is the 
horizontal distance of the gravity point from the DEM 
block centre. 
Equation (9) can now be written as follows: 
 
𝛿𝑔்௢௣ =
∑ ൬𝜌௜𝐺 ׬ ׬ ׬ (௭೔ି௓ು)௟೔య
௫೔మ
௫೔భ
௬೔మ
௬೔భ
௭೔మ
௭೔భ 𝑑𝑥௜𝑑𝑦௜𝑑𝑧௜൰
௡௜ୀଵ =
∑ (𝜌௜𝐾௜)௡௜ୀଵ             (10)
 
 
𝛿𝑔்௢௣) and the atmosphere (atmospheric correction -
𝛿𝑔௔௧௠) is removed from the gravity at point P. Free-
air reduction (డఊడு
ு
ଶ) is introduced to transfer gravity to 
a point P’ lying at the middle height of point P. The 
topographic reduction (𝛿𝑔்௢௣ᇱ ) and atmospheric 
correction (𝛿𝑔௔௧௠ᇱ ) for point P’ is determined and 
restored: 
 
?̅? = 𝑔௉ −
𝜕𝛾
𝜕𝐻
𝐻
2 − 𝛿𝑔்௢௣ + 𝛿𝑔்௢௣
ᇱ + 𝛿𝑔௔௧௠ − 𝛿𝑔௔௧௠ᇱ
(5)
The atmospheric correction, in less precise 
calculations, is used in its simplified form (Hinze et 
al., 2005): 
 
𝛿𝑔௔௧௠ = 0.874 − 9.9 × 10ିହℎ + 3.56 × 10ିଽℎଶ  
(6)
Note that the influence of the atmosphere in 
equation (5) is very small (both removing and 
restoring it). For the area analysed in this paper, it 
reaches 0.1 mGal (calculated by equation (6)) and so, 
for the determination of the orthometric heights, it can 
be ignored. Eventually we can write: 
 
?̅? = 𝑔௉ − డఊడு
ு
ଶ − 𝛿𝑔்௢௣ + 𝛿𝑔்௢௣ᇱ             (7)
 
It should be noted that simplified Prey reduction, 
including only the Bouguer slab with a constant 
density (𝜌 = 2670 ௞௚௠య), leads to the formula: 
 
?̅? = 𝑔௉ + 0.0424𝐻              (8)
 
This defines the so called Helmert heights 
(Hofmann-Wellenhof and Moritz, 2005), when it is 
used for determining the orthometric heights. 
The topographic reductions used in formulas (5) 
and (7), determined for point P (Fig. 1), are expressed 
as: 
 
𝛿𝑔்௢௣ = 𝐺 ∭ (ுିுು)௟య 𝜌 𝑑𝑉ஐஐ             (9)
 
where l is the distance between the attracting masses 
and the attracted point P, 𝜌 is density, G is Newton’s 
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where: n is the number of rectangular prisms of DEM; 
𝑥௜ଵ, 𝑥௜ଶ, 𝑦௜ଵ, 𝑦௜ଶ, 𝑧௜ଵ, 𝑧௜ଶ are the coordinates defining the 
rectangular prism i of DEM; 𝜌௜ is its constant density;
 
𝑙௜ = ඥ(𝑥௜ − 𝑋௉)ଶ + (𝑦௜ − 𝑌௉)ଶ + (𝑧௜ − 𝑍௉)ଶ; 
 
After subtracting equation (2) from equation (1) 
we are left with a formula that enables determination 
of the difference of the geoid height and the height 
anomaly, which is equal to the difference between the 
normal and orthometric heights: 
 
𝑁 − 𝜁 = ௚തିఊഥఊഥ 𝐻௢            (11)
 
Equation (11) is widely approximated by (Torge,
2001): 
 
𝑁 − 𝜁 ≈ ∆௚ಳఊഥ 𝐻            (12)
 
where ∆𝑔஻ is the Bouguer anomaly defined as (Torge, 
1989): 
Δ𝑔஻ = Δ𝑔ி − 𝛿𝑔்௢௣ + 𝛿𝑔௔௧௠          (13)
 
The free-air gravity anomaly related to the geoid 
(Δ𝑔ி) is expressed in the form (Torge, 2001): 
 
Δ𝑔ி = 𝑔௢ − 𝛾௘            (14)
 
By assuming the equality of free-air reduction of 
the real and normal gravity (డ௚డு 𝐻௢ =
డఊ
డு 𝐻ே) we can 
also write: 
 
Δ𝑔ி = 𝑔௉ − 𝛾ொ            (15)
 
It should be noted that in equations (5) and (7) 
we used topographic reductions (𝛿𝑔்௢௣) and (𝛿𝑔்௢௣ᇱ ) 
for masses lying between the geoid and the earth's 
surface. Reduction 𝛿𝑔்௢௣ is therefore the same as in 
the Bouguer anomalies (13). By assuming ?̅? = 𝛾௘ +డఊ
డு
ு
ଶ, we can write: 
 
 (?̅? − ?̅?) = 𝑔௉ − డఊడு 𝐻 − 𝛿𝑔்௢௣ + 𝛿𝑔்௢௣ᇱ + 𝛿𝑔௔௧௠ −
𝛿𝑔௔௧௠ᇱ − 𝛾௘   (16)
And subtracting equation (13) from equation 
(16): 
 
(?̅? − ?̅?) − Δ𝑔஻ = 𝛿𝑔்௢௣ᇱ − 𝛿𝑔௔௧௠ᇱ           (17)
 
Hence, the approximation (12) is accurate for flat 
areas, where the masses above and below point P’
balance each other (𝛿𝑔்௢௣ᇱ ≈ 0 ). There will be mass 
imbalances in mountainous areas. The atmospheric 
correction 𝛿𝑔௔௧௠ᇱ  is small and reaches 0.87 mGal for 
the area analysed in the paper (value calculated by 
(6)). 
 
3. DATA AND ANALYSIS OF THE RESULTS. 
The area of study included part of the Western 
Carpathians that lie on the border of Poland, Slovakia 
and the Czech Republic. In the calculations two 
versions of DEM resolution were used: 0.1 × 0.1 km
(up to 10 km around the gravity point) and 
0.5 × 0.5 km (from 10 to 200 km around the gravity 
point). DEM grids were determined based on the 
SRTM model with a resolution of 3′′ (Fig. 2). As 
mentioned in the introduction, the UNB_TopoDens 
model (Sheng et al., 2019) was used in the 
calculations. It is worth mentioning that this model 
was developed as two versions: T and C. We used the 
T model in our work. The Bouguer anomalies (13) and 
differences (11) were determined for the topographic 
mass density distribution taken from the 
UNB_TopoDens T model (𝜌௎ே஻) and compared with 
results for constant density values, marked as 𝜌ଶଶ଴଴ =
2200 kg mଷ⁄ ; 𝜌ଶହ଴଴ = 2500 kg mଷ⁄  and 𝜌ଶ଺଻଴ =
2670 kg mଷ⁄  accordingly. 
In the calculations, we used a set of 67,074 points 
with measured gravity evenly distributed across an 
elaborate area (marked by a solid red line in Figure 2). 
Gravity points in the Polish region were made 
available by The Polish Geological Institute - National 
Research Institute (PGI-NRI) and by Geofyzika, a.s. 
Brno, ČGS – Geofond for the gravity points in the 
Czech and Slovak regions. In addition, the lack of 
gravity points in a small gap in the Polish part of the 
Tatra Mountains, was supplemented by 208 gravity 
values calculated from the GGI model (Trojanowicz et 
al., 2020). The approximate density of the gravity data 
was approximately 1 point per 1.2 kmଶ.  
At first, the Bouguer anomalies (Δ𝑔஻௎ே஻) were 
calculated based on equation (13) and values of 
(𝑁 − 𝜁)௎ே஻ based on equation (11) for all 67,282 
points, using the density 𝜌௎ே஻. Relief maps of both 
quantities are presented in Figures 3 and 4.  
The basic statistics of the determined values are 
presented in Table 1. 
To analyse the significance of the 
UNB_TopoDens model in determining both the 
Bouguer anomalies and 𝑁 − 𝜁 values, calculations 
were carried out again for the constant densities 𝜌ଶଶ଴଴, 
𝜌ଶହ଴଴  and 𝜌ଶ଺଻଴. The corresponding differences were
then calculated: 
 
Table 1 Basic statistics of values Δ𝑔஻௎ே஻ and (𝑁 − 𝜁)௎ே஻. 
 𝑚𝑎𝑥 𝑚𝑖𝑛 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑠𝑡𝑑𝑒𝑣 
Δ𝑔஻௎ே஻ [mGal] 23.06 -74.2 -20.38 20.36 
(𝑁 − 𝜁)௎ே஻ [cm] 4.50 -10.1 -1.19 1.40 
M. Trojanowicz et al. 
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Fig. 2 Map of the topography. The solid red line represents the border of the study area and the white line, the
border between Poland and the Czech and Slovak Republics. 
Fig. 3 Map of the complete Bouguer anomalies Δ𝑔஻௎ே஻. 
Fig. 4 Map of the differences (𝑁 − 𝜁)௎ே஻. 
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Table 2 Basic statistics of differences 𝛿Δ𝑔஻ఘ and 𝛿(𝑁 − 𝜁)ఘ for three constant densities. 
 𝛿Δ𝑔஻ఘ [mGal] 
 𝑚𝑎𝑥 𝑚𝑖𝑛 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑠𝑡𝑑𝑒𝑣
𝜌ଶଶ଴଴ 4.6 -35.5 -3.42 4.72 
𝜌ଶହ଴଴ 23.7 -14.1 2.01 3.59 
𝜌ଶ଺଻଴ 37.5 -3.4 5.09 3.96 
 𝛿(𝑁 − 𝜁)ఘ [cm] 
𝜌ଶଶ଴଴ 0.7 -6.0 -0.24 0.39 
𝜌ଶହ଴଴ 4.7 -2.4 0.09 0.31 
𝜌ଶ଺଻଴ 7.4 -0.5 0.27 0.44 
Fig. 5 Map of the values 𝛿Δ𝑔஻ఘ for 𝜌ଶ଺଻଴. 
Fig. 6 Map of the values 𝛿(𝑁 − 𝜁)ఘ for 𝜌ଶ଺଻଴. 
𝛿Δ𝑔஻ఘ = Δ𝑔஻௎ே஻ − Δ𝑔஻ఘ          (18)
 
𝛿(𝑁 − 𝜁)ఘ = (𝑁 − 𝜁)௎ே஻ − (𝑁 − 𝜁)ఘ         (19)
 
Basic statistics for the differences (18) and (19) 
are presented in Table 2. 
As can be seen from the statistics presented in 
Table 2, different values of constant density affect 
both the Bouguer anomalies and 𝑁 − 𝜁 values. The 
range of the changes in these values and the standard 
deviations calculated for different densities are 
similar, although the most favourable results were 
obtained for version 𝜌ଶହ଴଴. A change in the density 
essentially  shifts  the  entire  range  of differences by 
a certain amount.  
Examples of the spatial distribution of the 
differences 𝛿Δ𝑔஻ఘ and 𝛿(𝑁 − 𝜁)ఘ determined for 
density 𝜌ଶ଺଻଴ are presented in Figures 5 and 6, where 
it can clearly be seen that the largest differences for
both analysed quantities occur in the highest parts of 
the mountains. 
Supplementary to the analysis above is an 
estimation of the errors resulting from the 
M. Trojanowicz et al. 
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approximation (12). For this purpose, the values (𝑁 −
𝜁) were determined on the basis of Bouguer anomalies 
and the differences were calculated: 
 
𝛿ேି఍ = ௚തିఊഥఊഥ 𝐻 −
∆௚ಳ
ఊഥ 𝐻           (20)
 
Figure 7 shows the spatial distribution of the 
differences (20). Their maximum value is 9.5 cm, 
minimum value is -3.9 cm, the average is 0.0 and 
standard deviation is 0.40 cm. 
Following on from the above results, the 
approximation given by (12) is very good and 
completely sufficient for most of the study area. 
However, in the area of the highest mountains (e.g. the 
Tatra Mountains), errors caused by such 
approximations are significant and exceed 9 cm. 
 
4. CONCLUSIONS 
In this paper, complete Bouguer anomalies and 
differences (𝑁 − 𝜁) were determined using the 
UNB_TopoDens T model for an area of the Western 
Carpathians. The ranges of the calculated values are 
approximately between -74 and +23 mGal for 
Bouguer anomalies and -10 and +5 cm for differences 
between geoid and quasigeoid heights, which are 
equal to the differences between normal and 
orthometric heights. It was shown that the adoption of 
constant densities for the topographic masses in the 
calculations will significantly affect the determined 
complete Bouguer anomalies and (𝑁 − 𝜁) differences. 
The range of changes compared to the versions using 
the UNB_TopoDens model, reached almost 40 mGal 
for Bouguer anomalies and 8 cm for (𝑁 − 𝜁)
differences. Moreover, the (𝑁 − 𝜁) differences for 
mountainous areas should be determined only from 
the exact formula given in equation (11). The use of 
complete Bouguer anomalies to calculate these 
differences (equation (12)) in the highest parts of the 
analysed area changed their values by up to 9 cm.  
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